Abstract-Starting from identities obtained by Möbius inversion, we prove some inequalities involving the ordinary and logarithmic summatory functions of the Möbius function.
Put further
While studying proofs of the prime number theorem in the framework of real analysis, I obtained the following result.
Theorem. For every real number k, there exist two positive constants C k and D k such that
This theorem is proved in Section 2. In Section 3 we will give some side remarks about the theorem and its meaning. 
where, in fact, the sums involve only n ≤ x, due to the definition of F. Then S 1 and S μ are linear maps from F into itself, inverse of each other:
The Bernoulli polynomials b k are defined by means of the formal identity
We have
where B j = b j (0) is the jth Bernoulli number. We recall that
, and B j = 0 if j is odd and larger than 1 (see, for instance, [2, Sect. 6.5]). The sequence (b k ) enjoys many properties, and among others satisfies the identity
For positive k (integer) and x (real), let
where {x} denotes the fractional part of the real number x. Observe that the function ϕ k belongs to F. Lemma (MacLeod, 1994 [5] ). For natural k and x ≥ 1, one has
Proof. By Möbius inversion, this amounts to proving that
In fact,
Observe that, in the case k = 1, the lemma reduces to Meissel's well-known formula (1854, cf. [7, p. 303 
where x denotes the integer part of the real number x.
We can now prove the theorem. Since m 1 (x) = 0 for 0 < x < 1, it is enough to deal with the case x ≥ 1. To begin with, observe that the result for any particular value of k automatically gives the result for all smaller values (with the same C k and D k ) since, for j ≤ k,
We may, for instance, assume that k is odd and ≥ 5. With a little change of notation, we will therefore prove that
for integer k ≥ 2.
For that purpose, we will use the function
where the summands corresponding to j = 0, j = 1, j = 2i (with 1 ≤ i ≤ k − 1) and j = 2i (with i ≥ k) have been written separately. The function
(where the implicit constant depends only on k and the λ 's). Thus,
We choose the coefficients λ in such a way that
The determinant of this system of k linear equations in k unknowns is equal to Δ k (2k), where
One has
and this difference vanishes for i = 1. Subtracting the (j − 1)th column of Δ k (x) from the jth for 2 ≤ j ≤ k, we see that
We may therefore choose the λ 's in order to satisfy relations (5) and (6) . Then,
from which we deduce
This proves (4).
FURTHER REMARKS

Determination of the constants C k and D k . From the theorem and the trivial estimate |M (t)| ≤ t, it follows that
If we knew the theorem to be valid with C k = o(k), it would follow that m 1 (x) = o(1), and therefore M (x) = o(x). For this reason, it is interesting to investigate the optimal C k (and D k ) in the theorem. It can be proved that the values of C k and D k deduced from the proof of the theorem are O(6 k 2 ).
For k = 2, 3, we get
and
Assertion (7) is proved by means of the identity
where |ε 2 (t)| ≤ 1/t, and assertion (8) is proved by means of the identity 
The first proof of the implication
by the methods of real analysis 2 was obtained by Axer in 1910 (cf. [1] ); even today that proof is given in textbooks in analytic number theory. The above reasoning is another proof of this result; moreover, it has a quantitative advantage over Axer's proof, as we will see now.
The fundamental lemma used by Axer is the following. Proposition 1 (Axer, 1910) . Let f be an arithmetical function,
1 During the preparation of this paper, I have used the Maple 9.5 software for the numerical experiments. 2 The proof of m(x) = o(1) by complex analysis was obtained by von Mangoldt in 1897 (cf. [6] ), and this result gives at once that M (x) = o(x), by a general theorem of Kronecker on convergent series (cf. [3] ) or by the equality of the third and fourth terms in the chain (1).
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Assume that
The conjunction of Meissel's formula in the form
and of Axer's lemma gives (10). From Axer's proof or later proofs by Landau, it is possible to deduce quantitative versions of this lemma, for instance the following (cf. [4, pp. 132-134] ).
Proposition 2 (E. Landau, 1910) . Let f be an arithmetical function, 
The proof of (12) rests on the identity
where
and on the estimate
OPEN QUESTIONS
The question arises of the optimal C k in the theorem. As a first concrete question, we propose the following. Question 1. Is it true that
Below, I propose a question arising naturally in relation to Axer's lemma (cf. Section 3.2 above). In order to formulate it, we define for 0 ≤ α ≤ 1/2 the quantity c(α) as the lower bound of those β > 0 for which the following assertion is true.
Let f be an arithmetical function, 
